
 

Lie Bracket and Lie Derivative

Two properties of functions

Given f g e C CM we can form fge CTM
Giri f E CTM and a v f X we can

compute XCH the directorial derivative of f

A vector held X M TM is a generalizahei

of a henchin X l V
new valued lunchon

017 Can we multiply two vector fields X Y

Q2 can we take directional derivative of Y unit X

Ah yes EX Y Lie Bracket

d 2 Yes L Y Lie derivative

Bonus CKX Lxx

el How do we multiply X Y to get new v f



A vector held X is a linear map

cam can
f X Cf

which satisfies the Liebnite rule XCfg Cp XCHcpgc.pt
top lag Cpl

we can compose the maps for X and Y

Xy Cam c cm
f 1 X YA

Problems XY does not satisfy Liebnitz rule and so is

not a vector held

XY Hg X Yag
X A g t f Ng

X Yf g t Yf Xg t Xf Yg t f X CYg

XXII g t f Xing t Yf Xg Xf lYg

error terms
These error terms are symmetric in X Y



Prof XY YX is a vector held

XY XX i called the Lie Bracket of X and Y and
is denoted by EX Y7

Properties of EXYI

1 bilinear

2 X Y EY X

37 EX EY t t Y 17 7 t TZ IXYT o

Jacobi Identity

4 FX gY fg4,47 t f Xg Y g Yf X

In local coordinates X ZX xi Y Yi xi

Exit If fxi i Yi xi

Q2 How can we take directional derivative of Y unit X

Given Xcp E TpM and Y l e E M
such that 8107 p and 810 Xcp



Xcp f 1 f ret

t o

let 0 ke the flow of X

offer p and ftp.oldfcpi Xcp

Hua Xin f It f Ifip

or Xcp f him fColfer fcp
1 o T

what about derivative oh v f Y at p in direchei Xcp

L Y an dim Yldfip Yip
1 o t

YCOIY.cm e TqpM F TpM 7 Yep



We can fix this using isomorphism hors TaypM to TPM

Iof TpM Text M

GII't tox pM Tpm

off Iof Idm It 7 Idan

It lol't

Def Yep ftp loft Hotter Kp
t

GE Y Afm o

curve in TpM

TI Xin Kil Yaa x ka

L Y an fly lol Holtan Yun



If Ix X Htt E

It 7 1
dit xi taxi Koi

Y fIo t f E Yatton x ki

f I t H Htt Kil

t.info t Htt 34 x ki

tf I f t ki
I
ax I

The Y EX YI








