



































































































































Riemannian metrics as measuring
tools

let g be a Riemannian metric on M

H Hg Tpm RV1 Ig Viv

I 8 a b M be a smooth curve

I girl f Hiritillg It

Def 8 is regular if 8ft t Of TraM
for at te la b

Fact If two regular curves 8,8 have the

same image then D F

Pet r a b 7M is pie h if it is continuous

and there are numbers act etc Lt Cb such that

T is smooth on the domains a t H tz tat

ee Ih H K Eo IT M are smooth and 8,117 810
then their concatination is the piecewise smooth carve






































































































































Vz 8 htt tf o.kz

82121 1 tf 142,17

Y 81

x
V

Etsy 12 makes sense for piecewise smooth curves

txe Lg Hz 8,7 N t k

Det The distance between p.ge M w.at g is

dgcp.gl infimum L Ch
2 To IT M
8 piecewise smooth

Hokp 84kg

Could restrict to regular curves same number

Recall
infimum 53 greatest lower bound of S

infimum FINE IN O th l ht IN

facts S C Sz infimum S Z infimum Sz

infimum tsz infimum S t infimum Sc






































































































































Example O M R g dxixodxi

dy CX y Ily x11 Lg th xt a Hy

Example 1 M R 03 g dxi dxi

dg X Kxtx 11 211 11

f Lg18 for any 8 in M from x to x

X

In

XO

Tha i dy Cp g dy Cq p

21 dg p r E dglp.gl t dy Cq r

37 dg pig o if p q

PI

D
Observation 1






































































































































Ht t Htt
J o D M q 0,17 M
8107 17 8117 of c Mco q MCD p

nu t RIH

Observation 2 Lynch Lg Hl t

dgcp.gl int Lg 187

ex

if Lg 1273 since same set of numbers

of

dgcq.pl

2

Observation The set of paths from p to r

contains the set of concatenated

paths hom p to r with matching

ends at q
P s.at
IN




































dgcp r int Lgu
i

p r

int Lg Cr r

Pater
2 I

q

int 418 t 41K
r

payoq
Vz

For

in IN t if 41k

dg Cp g t dglq r

3 Nondegeneracy is a bit more subtle but crucial

Idea if p.ge U for a chart Uid then

dgcp.gr Z C Hdcp dip 11 for some clue IO



K forms

Det A b form in M is a function f E CTM

Det A l form on M is a anchor held a M T'M
Tox Idm

Det For kz2 a K form on M is a Ck o tensor

field
M 7 1M

p 1 P reps

such that for all peM all Vi V c TPM

and all icj we have

Xp V Vi V Y rip Vi Vj Vi Vk

Such a tensor is said to be alternating

k forms are the correct objects to integrate our

k dimensional domains

the set of k forms overall k has a rich
algebraic structure which captures alot of topology



to understand K forms we must understand what they
look like in local coordinates


