



































































































































T M Tpm x TpM RI x is linear

dflp ftp.M the differential of f at p

dfcp V Vcf

Given a chart U lo

dxinan is basis of tin dual lo Kail

In particular dfcp ftp.ulpidxiulp

TM cp.at xeTp M

Tha TM inherits hom M the structure of a smooth

manifold of dimension 2 Cdm cm The

map IT T'M M is smooth

Psa p
Det A l form covechertield on M is a

map V M TM such that iToV Idm






































































































































So Vcp7 Cp Nps

t e Given ff CTM the map

df M TM

p 1 7 Cp dflp

is a 1 form on M

Example Recall the nonvanishing rector held on S

Yo ik x'II

Dehne the 1 form do on s by x X Cx doca

where do Yo 1

Claim this is not If for
any te CES

PI

Every f C CTS't attains its maximum value at some

Xmm E s since S is compact

dflxmaxt O ETfma.SI

Hence every df vanishes somewhere






































































































































Ioan to c Is for all xes

Hence do df her any t

linetutegrals.DE
Given a l form Vcp7 Cp xp on M and a

smooth curve 8 Eab M we define

x Sa arithcoitndt

Lemme If f HD f Han

f It fa IHritilliandt

fab JAI f It

f Tt for tat

for b for Ca by FTC






































































































































f Hb f Man

Example 8 Eo Zit s

t cost sint

For any f e Ctcs we have

If f Nat t Ho 0

But f do I docritnicts It
dacoits Yttra dt

21T

f 1 at
O

21T

For more interesting integrals and measuring tools we need




































Tensors

let V be a vector space of dimension n

let r s be nonnegative integers

Det An Cns tensor on V is a map

W V x V x x V Vx Vx XV R

which is linear in each factor multilinear

i e W L t CI de Wld az t c T.az

Remark As soon as there is more than one factor its I

multilinear linear

Ex The map L IR x IR R
X y 1 7 xty

is linear but not multi linear since

L x cy c L Cray
H k

xt cy c city

Ex The map W Rx R R is multilinear

X y 1 7 Xy

but not linear



ex Each he V is a 11,07 tensor on V

V R
X 1 7 Hx

Each Xe V is a 10,17 tensor on V

V R

a 1 7 xcx

ee The dot product R x R R
x y 1 2 x'y x'yet tX y

is a 12,0 tensor on IR

The map def R x xR R

X1 k Nn H det

is a 1h07 tensor on R

EE A general 13,07 tensor W or R2 has the form

W 1122 1122 1122 R



X Y Z 1 I Wijk Xiyizk
i j k l

Note W is determined by the 2 2 2 array of

real numbers Wijk

let Tr CV7 to the set of cr.si tensors on V

Tha Tr CU is a vector space of dimension
rts
n

lets build a basis for Tisch
let's start with its domain VI xV xVx XV

s r

let e e I be a basis for V

let o o be the dual basis for V

Then

oil o ej sein teh isen le ji jren

is a basis for V x xV xVx XV

s r



Now we construct our basis for JrsCV7 to be dual to
our basis of V x XV XV x XV

Given numbers Ikki k En and IE ti trEn

let ek ekg Ot o ke the map

on V x W x Vx XV defined by

Ek ekg Ot Otr 4 Ns Vi Vr

x Cek L Lek Ot'cv Otar

This map is multilinear

tensor product

Notice

ek ekg Ot Otr Oil Ois ej e r

o Cee or Cee ontCe otrce.gr

l it ie ke for all l and im _In for all m
0 otherwise



The ee ek 04 0 otr

is a basic for Jms V

Idea WE Ir sCV can he written uniquely

in the form

k Ks
W W ee e g ot otrt tr

ki ks
ti tr

k k
where W W oh ok et etrti tr

Example i R IR R

X y I 7 X'y't tx y

t t
A basis of 72,01112 7 is O o let tzEu

o o l ie i jen

Wi W ei ej on



So Z
teigen

o o

I o gi
it


