



































































































































X M TM sit to X Idm

Xcp Cp Vips

It M is compact or suppX is compact the flow off

of X is global

trample TS

We constructed a nonvanishing vector held on S

Xcx Cx Jct where HH X

Another version of the same vector field is

Xcx xD I I
i

2
It Jct

This yielded a diffeomorphism

F Ix R TS
2

Cx c x c Tol I






































































































































Fact 1 ME MxRn it and only if there are

in vector fields Xl X on M such that

at each p the collection Vips Vip
spans Tp M where Xi Cp Cp Vip

Example TSZ

Again we can picture this

at

thru Every vector field X on s vanishes at some pt
i e F p e 5 such that X Cp 07175

Corollary 1 545 112






































































































































OK let's take stock

Rm M

F R Rn 7 F M N

III ca F Tpm Tap N

We can do optimization on M and solve IVP's

Next we would like to integrate

The things we integrate will be special tensor fields

Aside Dual spaces

let V be a hhite dim'd vector space Cover 427

V a V R x is linear

Prof V is a vector space v rt the operation's

Cat Cp V Must Cfpcv

Moreover dim CV dim CV






































































































































let e en be a basis for V

Dehne oie V by o ceil to
or

So OiCv 0 a e t tan en

a Gile t t an oik

ai

Exercise Prove that oilia n is a basis for V

oil is the basis dual to e 3

Aside The dot product on V R dehus an

isomorphism R Rn where

1 7 Tx

0 4 X Y

Consider the vector space Tpm

Tpm TIM the cotangent space to M at p




































Each f E CMM determines an element df ftp.M
for each pen via the formula

dtip X Xff
A

Tpm

dflp Tpm 112 is the di If at p

Example 0

On M R we have the functions

i R R we called this ITi previously
X Xi

dxicia T R R

claim

dxian is the basis of TIK dual to Ei

dxian Yw 2 xi ri



t let 14,017 be a chart

Consider Xiu i U IR

p Xi dcp

dxicp E TIM is defined by

dying V xiu

dxiug.nl is Iasi trial to Kiu

dxin em Ip xiu

I i x od o lo t

Ocp

hi
101M

of



Change of coordinates for differentials

Hiv
toxin 2 a taxi

j

Claim hiver ft CTM 1407 a chart and pea

If
dfcp I Txiu dxing

i

Ifip Of Tp M p is a critical point of f

In Calculatus one calls the differential of

Idfdx t t ndxn

but doesn't say where it lives

DeI The cotangent bundle of M is the set

TM ftp.xl peM a TIM

Thin T M inherits hom M the structure of a smooth

manifold of dimension 21damCM The



map IT T'M M is smooth

Psa p

Det A l form covectortield on M is a

map V M TM such that iToV Idm
Given ff CTM the map

df M TM

p 1 7 Cp dflp

is a 1 form on M

EI define he 1 torn do on s by

doc Zob 1

Claim do is not equal to let her any

function f S IR

PI Each f S 112 takes a maximum value at
some Xanax C S Sina s is compact


