



































































































































REGULARVALUETHEOREMCRUTI
If q is a regular value of F M N

pt F Yg F i TPM TapN is onto Chas rank n

then F tap is an embedded submanifold of dimesersion

equal to diniCM din N

SARD.si
0REMAlmost

yqe N is a regular value of F M N

Eixample F R IR

x1 x t gift CX't'T

claim every Ceo is a regular value of F

For all Xf TRA

F 3 19 2x 2x

If Ceo Her F 44 0 and a regular by default

F too DEIR and LF O i O has rank 0

So O is a critical value






































































































































c For c o we have

XE F t Htt t x
2
c

Xi 0 for some i

EF has rank 1

Hence each cso is a regular value

Note F tch S

LieGroupstet
Mma A l A is nxn matrix

As a set Man is in bisechoi with R

List aij Au 9,2 An in 9ha

So Max can be gnei the structure of a smooth mild

Has atlas with one chart Mmm List

1 Consider sun Ae Max I delCA l

SLIM is called the special linear group
Note A B E SLCh AB E SI Cn since

def AB del def 7 1






































































































































Also A E SLG A t E SLG since

AA 1 In delay 6th'D I

SLCN with usual matrix multiplication is a groupie

claim SLIM is also a manifold lie Group

Pt Sultics to show 1 is a regular value of the

map F Mmm R

A 1 7 detCA

ie ShCn F t l

Let's prove this for the case n 2

F List't Ix x2 x x def g 4x4 x2x

F x4 x3 hi x at A Ya a

A t F 111 x'x x'x3 I

Xiao for some i






































































































































F has rank 1

Rink Sten is a manifold of dimension n I

For example SLC2 Z SIX R2

RmkI The group structure and manifold structure accomptatible

For each BE SLCa the group map

F i 5LCa sun

A l BA

is a diffeomorphism

smooth each entry of BA is a bn comb of entries of A

invertible ftp.JEFB t smooth her sane reacon

Exe consider 0cm te Mm I ATA IIn

Erie on Ym 5in I oeto.at a s

0cm is called the orthogonal group




































A BE 0cm CAB T
CAB BtATA B

Bt In B
In

AB f Oa

Exercise Prove Af 0cal is invertible and A 1 C 097

Claim 0cm is a manifold

PI Idea On F t I where

F Mn n Mnxn

A t ATA

In is not a regular value of this map

If it where then 0cm would be O dimensional 7

Observe that ATA t ATA

Change target ol F to Symen Be Max I B Bt

Synth is a vector space isomorphic to Ruth
t ti Rat



Gal Aaa a i 9h 9 s 922 922 93

311 37
2

6

Claim In is a regular value of the map

Mn n 7 Sym in

A l s ATA

Hence 0cm is a manifold of dimension 42 n If Iz

Sketch of RVT proof

F M N q regular

Focus on F IRM R and y regular

Fav y to Fcp

Need F Tx Rm Tax R having rank _n

to yield a chart on F Hy near



The null space of F has dimension M rankCR

M n

Identify NCF cIRm with subspace of RI

NIE

t
f

F tap

let P R N F be orthogonal projection

i

View F tap as a subset of R

F Hy


