



































































































































let F M N ke smooth

The derivative F TPM Tty N is meant to

be a linear approximation of the nonlinear map F

Today some nonlinear analogues to some familiar
linear algebra results

Recollections from Linear Algebra

let T V W be a linear map

The range of T is RCT Tcu e W I ve V
RCT is a subspace of W

dim RCTI is the rank of T

ex Tcu Ow t v rank of T is 0

dim RCT E min din W diricv

The nullspace of T is N CT ve V Tcu Ow

NCT is a subspace of V

ex Tcu _Ow tu NCT V

Thin flank Nullity Thm
dim NLT t dim RCT di'm V






































































































































fact If T is H and onto Her dim CW7 dim

PI T I I NCT Or din NCT O

T onto RCT W din Ret dim CW

DEI F M N is a diffeomorphism if it is
H and anto and F t is smooth

ee Fi IR 7112 is smooth 11 onto but Faa _x's is not smooth
X 17 x

FACTI If F M N is a diffeomorphism then

each F TPM TapN is an isomorphism hence

dim M dim N

PI Idm F t F

Idm E t
o F by chain rule

Idan Ft o F

NC F c NlI4pn O ftp.M

Idn Fo f t

IdtpN F H t

R F 7 RCIdt.NL Tea N






































































































































Hence F is l l and onto

There is a much deeper and more important partial
converse to FACT 1

INVERSE FUNCTION THEOREM IFT

let F M N ke smooth If F iTpM TeaN
is an isomorphism then F is a local diffeomorphism
near p That is

7 an open nbhd Utp such that Fla is per in N

and F U FIU is a diffeomorphism

Note the power of this result you check a linear condition

and get the existence of a nonlinear map F
t

Exe F IR s

t cost Smt

F is not 1 1 so not a diffeomorphism






































































































































ee F is an isomorphism for all xt R

DEI M and N are diffeomorphic MIN if there
is a diffeomomorphism F M N

tx this defines an equivalence relahoi on manifolds

Ee IR E la b

Ex R X S

Ee 5 Six S X RP2

fact Given T V W and wot W suppose

Vo e ve V l Tcu Wo I T 1 Wo

Then T 1 two rot NCT votu ut Nlt

V
Vo Ttcwo a W

6 7 00Wo

t INLT 1

If nonempty T 1Cws it is a alhire subspace of V




































DEI A subset W of M is an embedded submanifold

of dimension r if for any Pe W there is a

chart Usd of M such that

Wn U Q
t Rx Opa r

Rn r pen

i

w looks like a subspace of 112 locally

Example Ttcwo is an embedded submanifold of V

of dimension equal to dini NCT

Q Giver F M N and ge N is

F 1cg an embedded submanifold of M



A Not always

Example F 1122 K g O

xix l x'x

F to adit x 5 03
A

which is not an embedded submanifold of 1122

Example F R IR q o

F tap 03 u 3,5



Det p e M is a regular point of F Mm N

if F Tpm TapN is onto

has rank n Otherwise p is a

critical point

Ee F R R

F Exim IE 3

regular F has rank I IIIG to for some i

x critical 2 o for all i

DEI g EN is a regulair value of F M N

if each pfF Hop is a regular point

REGULARVALUETHEOREMCRUTI

If q is a regular value of F M N then

F top is an embedded submanifold of driennies

equal to diniCM din CN


