Math 481: Homework 9

1. Consider the following vector fields on R?:

. X(x):xli+3i,
ox! 0x2
. Y(x):—xzi+xli.
0x! 0x?

(a) Compute the Lie bracket [X, Y].

(b) Compute ¢>f and the Lie derivative

X 1% X -Y
Z¥ =lim (%)), (</)tt (X)) - Y (x)

(c) Forthe 1-form a(x) = x' dx? compute

X\* _
ya= iy (P D -a

(d) Compute d(a(X))+da(X,).
2. Consider a general 2-form on R3
w=A(x', x* x*) dx' Adx*+ B(x', x*, x%) dx' Adx® + C(x', %%, x3) dx® ndx.

(a) Write down explicit conditions on A, B, and C that are equivalent to dw = 0.

(b) Write down explicit conditions on A, B, and C that are equivalent to the condition that
w = da for some 1-form a = Fdx' + Gdx? + Hdx3.

(c) Show that your conditions from (b) imply those from (a).
3. Bonus Problem. Consider the twice punctured plane
M =R*\{(-2,0), (2,0)}.
Construct two 1-forms «, f on M that satisfy all of the following conditions:

(@ da=dp=0,and
(b) a and g are not exact, and
() a#cpPforanyceR, and

(d) a—Bisnotexact.



