
Math 481: Homework 9

1. Consider the following vector fields on R2:

• X (x) = x1 ∂

∂x1
+3

∂

∂x2
,

• Y (x) =−x2 ∂

∂x1
+x1 ∂

∂x2
.

(a) Compute the Lie bracket [X ,Y ].

(b) Compute φX
t and the Lie derivative

LX Y = lim
t→0

(
φX
−t

)
∗ Y (φX

t (x))−Y (x)

t

(c) For the 1-form α(x) = x1 d x2 compute

LXα= lim
t→0

((
φX

t

)∗
α

)
(x)−α(x)

t

(d) Compute d(α(X ))+dα(X , ·).

2. Consider a general 2-form on R3

ω= A
(
x1, x2, x3) d x1 ∧d x2 +B

(
x1, x2, x3) d x1 ∧d x3 +C

(
x1, x2, x3) d x2 ∧d x3.

(a) Write down explicit conditions on A, B , and C that are equivalent to dω= 0.

(b) Write down explicit conditions on A, B , and C that are equivalent to the condition that
ω= dα for some 1-form α= F d x1 +G d x2 +H d x3.

(c) Show that your conditions from (b) imply those from (a).

3. Bonus Problem. Consider the twice punctured plane

M =R2 \ {(−2,0), (2,0)}.

Construct two 1-forms α, β on M that satisfy all of the following conditions:

(a) dα= dβ= 0, and

(b) α and β are not exact, and

(c) α 6= cβ for any c ∈R, and

(d) α−β is not exact.
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